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ON STABLY POINTED VARIETIES AND GENERICALLY
STABLE GROUPS IN ACVF
YATIR HALEVI
Abstract. We give a geometric description of the pair (V, p), where V is an
algebraic variety over a non-trivially valued algebraically closed field K with
valuation ring OK and p is a Zariski dense generically stable type concentrated
on V , by defining a fully faithful functor to the category of schemes over OK
with residual dominant morphisms over OK .
Under this functor, the pair (an algebraic group, a generically stable generic
type of a subgroup) gets sent to a group scheme over OK . This returns a
geometric description of the subgroup as the set of OK -points of the group
scheme, generalizing a previous result in the affine case.
We also study a maximum modulus principle on schemes over OK and
show that the schemes obtained by this functor enjoy it.
1. Introduction
The theory of non-trivially valued algebraically closed fields was one of the first
to be studied by model theorists, going back to A. Robinson who showed it is model
complete [12]. The theory is not stable, but over the past two decades it has been
studied extensively and new methods were developed to study it and other similar
theories. They fall into a wider class of theories called metastable in which there
is a stable part which allows the study of certain types using stable theoretic tools
(see [3] and [6]).
The geometry in models of the theory ACF of algebraically closed fields is well
understood. Each complete type concentrates on a unique irreducible algebraic
variety and definable groups are definably isomorphic to algebraic groups. We still
do not have a complete corresponding picture for ACVF (the theory of non-trivially
valued algebraically closed fields).
In [6, Theorem 6.11], Hrusovski-Rideau show that given a pair (G, p), where G
is an affine algebraic group and p is a generically stable generic type of a definable
subgroupH , H is definably isomorphic to theO-valued points of some group scheme
defined over the valuation ring O. In this paper we expand the ideas from [6] to
give a geometric interpretation of the category of varieties with generically stable
Zariski dense types concentrated on them. We expand and elaborate:
Let (K, val) be an algebraically closed field with a non-trivial valuation. Denote
by OK = {x ∈ K : val(x) ≥ 0} its valuation ring, by ΓK its value group and by kK
its residue field. Most of the following results hold for more general valued fields
and we do so in the text, but for ease of presentation we state everything over K.
In Section 2 we give some preliminaries. We give the definition and basic prop-
erties of ACVF and generically stable types.
In Section 3 we review some basic result on schemes over valuation rings and use
model theoretic tools to prove:
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Theorem 3.2.4. Let V be an irreducible scheme of finite type over OK . If V has
an OK-point then
V(OK)→ VkK (kK)
is surjective.
After choosing an open affine covering, an algebraic variety over K can be seen
as a definable set over K (see Section 2.2.2). In Section 4 we study the category
(SPVar/K) of pairs (V, p), where V is an algebraic variety over K and p a Zariski
dense generically stable K-definable type concentrated on it, morphisms are mor-
phisms of varieties over K that pushforward the generically stable type accordingly
(Definition 4.2.2). We will call this category, the category of stably pointed vari-
eties (a variety together with a distinguished generically stable type). An example
is (A1K , pOK ), where pOK is the generic type of the closed ball OK .
We give a geometric interpretation of the pair (V, p) by means of a functor ΦK
from (SPVar/K) to the category (Rd-Sch/OK) of schemes over OK with residual
dominant morphisms, i.e. morphisms f : V → W such that
fkK : VkK →WkK
is dominant. The functor ΦK is fully faithful (Proposition 4.3.11), commutes with
products (Proposition 4.2.19) and the objects in its image enjoy a maximum mod-
ulus principle (Propositions 4.3.8).
In Section 4.4 we explore some finiteness conditions on ΦK(V, p) and possible
connections to the notion of strong stable domination. We show that if (V, p) ∈
(SPVar/K) and ΦK(V, p) is of finite type over OK then p is strongly stably domi-
nated. The reverse implication remains open.
In Section 5 we consider the case of generically stable groups.
Definition 5.0.4. A generically stable group is a definable group G with a gener-
ically stable type p concentrated on G such that for any A = acl(A) over which p
is defined and g ∈ G, the image of p under multiplication by g from the left, gp, is
definable over A. G will be called connected if gp = p for all g ∈ G.
The typical example is GLn(OK) (the invertible matrices overOK) as a subgroup
of GLn(K), and in fact we show that for any irreducible group scheme G of finite
type over OK , G(OK) is generically stable (Proposition 5.1.4).
We prove that generically stable subgroups of algebraic groups arise from group
schemes over OK :
Theorem 5.3.2. Let G be an integral algebraic group over K and H a Zariski
dense ∞-definable subgroup of G with a unique generically stable generic type p,
both defined over K. Then ΦK(G, p) = H is an integral separated group scheme
over OK and φ(H) = H(O), where φ is the isomorphism
φ : G→ HK .
Furthermore, p is strongly stably dominated and stably dominated by r : H(O) →
Hk.
The above Theorem was proved in [6, Proposition 6.10] in the affine case.
An irreducible algebraic group with a generically stable generic is always an
Abelian variety (Proposition 5.4.1), and by a corollary of the above theorem if
G itself is generically stable with a generic type p, then ΦK(G, p) is an integral
separated universally closed group scheme over OK (Proposition 5.4.7).
Hrushovski-Rideau give in [6, Proposition 6.9] a characterization of a connected
generically stable subgroupH of an affine algebraic group G in terms of a maximum
modulus principle. The principle basically says that there exists a K-definable type
p concentrated on H such that for every regular function f on G and K ≺ L a
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model over which L is defined, there is some γf ∈ ΓL such that if c |= p|L then
val(f(c)) = γf , and for every h ∈ H ,
val(f(h)) ≥ val(f(c)).
In Section 4.3 we generalize this notion to the non-affine case and prove the following
Theorem 5.2.2. Let G be a separated irreducible group scheme of finite type over
OK and p a K-definable type concentrated on G(O). The following are equivalent:
(1) G has the maximum modulus principle with respect to p;
(2) G(O) is generically stable with p as its unique generically stable generic
type.
2. Preliminaries
We will usually not distinguish between singletons and sequences thus we may
write a ∈ M and actually mean a = (a1, . . . , an) ∈ Mn, unless a distinction is
necessary. We use juxtaposition ab for concatenation of sequences, or AB for A∪B
if dealing with sets. That being said, since we will be dealing with groups, we
will try to differentiate between concatenation ab and group multiplication ab by
denoting the latter by a · b. Greek letters α, β, γ, .. will range over the value group.
Lower-case letters a, b, c range over the field.
For a field F , by a variety over F we mean a geometrically integral separated
scheme of finite type over F . We will assume some basic knowledge of schemes and
group schemes. They are introduced in order to be able to talk about ”varieties
over rings”. All of this can be found in your favourite Algebraic Geometry Book,
for instance [1].
For a definable type p(x), we denote by (dpx)ϕ(x, y) the ϕ-definition of p.
2.1. ACVF and Generically Stable Types. Let (K, val) be a non-trivially val-
ued field with value group ΓK . The valuation ring of K is the ring OK = {x ∈ K :
val(x) ≥ 0}. It is a local ring with maximal idealMK = {x ∈ K : val(x) > 0}. The
residue field is the quotient kK = OK/MK and the quotient map res : OK → kK
is called the residue map. There are different natural languages for valued fields,
for now assume there is a sort for Γ and a sort for k with the obvious maps from
the valued field sort.
Let ACVF be a theory stating that
(1) K is an algebraically closed field,
(2) the valuation axioms,
(3) the valuation is non-trivial.
The following is well known
Fact 2.1.1. [2, Proposition 2.1.3]
(1) k is a stable and stably embedded pure algebraically closed field;
(2) Γ is a stably embedded pure divisible ordered abelian group.
One may consider other languages for ACVF, such as Ldiv and LΓ. The language
Ldiv and LΓ have quantifier elimination and have the same interpretable sets. One
may pass to ACVFeq in order to have elimination of imaginaries or add geometric
sorts and get a language LG admitting quantifier elimination and elimination of
imaginaries (see [2]).
We will mostly restrict ourselves to the following: the valued field sort (which
will also be called the home sort) will be denoted by V F , the value group by Γ
and the residue field by k. We assume that we have elimination of imaginaries, but
mostly will not deal directly with the rest of the sorts.
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LetO be the definable set defined by val(x) ≥ 0. ForM |=ACVF, ifK = V F (M)
then we will write OK for its valuation ring and kK for its residue field. Mostly, we
will treat the valued field sort and the model as interchangeable, e.g. when we say
that K is a model of ACVF we really mean that K = V F (M) for someM |=ACVF.
We also write Γ(A) := dcl(A) ∩ Γ, and k(A) := dcl(A) ∩ k and for a valued field
F we will write ΓF and kF for the value group and residue field of F , respectively.
Notice that if F is a valued field then Γ(F ) = Q⊗ ΓF .
Let U |= ACVF be a monster model and D a C-definable set. To simplify
notations, D should be read as D(U). For a C-definable set D and C ⊆ B we shall
write D(B) := D(U) ∩ dcl(B). Furthermore we denote K := V F (U).
We continue with the definition of generically stable types.
Definition 2.1.2. Let T be NIP complete theory and p an A-definable global type.
(1) p is generically stable if
p(x)⊗ p(y) = p(y)⊗ p(x),
where p(x)⊗ p(y) = tp(a, b/U)) for b |= p|U and a |= q|Ub and similarly for
p(y)⊗ p(x). It is also an A-definable type.
(2) Let Q be a ∅-definable set. The type p is orthogonal to Q if for every
A ⊆ B and B-definable function f into Q, f∗p is a constant type, where
f∗p = tp(f(a)/U) for a |= p.
(3) Let q be another A-definable type and f an A-definable function. The type
p is dominated by q via f if all A ⊆ B,
a |= p|B ⇔ a |= p|A and f(a) |= q|B.
We say p is stably dominated if there exists a stable, stably embedded
definable set D such that q is concentrated on D and p is dominated by q
via f .
In ACVF we have the following,
Fact 2.1.3. [4, Proposition 2.9.1] Let p be an A-definable type in ACVF, then the
following are equivalent:
(1) p is stably dominated;
(2) p is generically stable;
(3) p is orthogonal to Γ.
Remark. The following are well known consequences of the definitions and some
basic properties of generically stable type (see, for example, [13, Section 2.2.2]).
(1) Products (as definable types) of generically stable types are generically
stable: if p(x) and q(y) are generically stable then so is p(x)⊗ q(y).
(2) Pushforwards of generically stable types are generically stable: if p is an
A-definable generically stable type and f is an A-definable function on p
then f∗p is also generically stable.
(3) If p is dominated via f by f∗p and f∗p is generically stable then p is also
generically stable.
Example 2.1.4. Let pO be the global generic type of the closed ball O (in the
sense of [3, Definition 7.17]), i.e pO(x) says that x ∈ O but x is not in any proper
sub-ball of O. Let pk(x) be the global generic type of k. pO is stably dominated
by pk via res (the residue map). One also sees that for every polynomial f ∈ K[X¯]
and c |= pnO|K, val(f(c)) = mini{val(bi)}, where {b1, . . . , bm} are the coefficients of
f .
2.2. Interpreting Varieties over K and Schemes over OK . The following is
quite standard and is added mainly to fix notation and conventions.
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2.2.1. Some Words on Notation. We shall recall in Section 2.2.2 that every variety
V over a field F gives rise to an ACF-definable set: the set of its K-points in the
monster model, where K = VF(U). We shall abuse notation and also write V for
the definable set it defines in the monster model. For any field extension F ⊆ L,
VL is the base-change of V to L and VL(L) is the set of L-points of VL.
In Section 2.2.3 we shall see that every separated finitely presented scheme V over
OF for a valued field F gives rise to an ACVF-definable set: the set of O-points in
the monster model. Again we will abuse notation and write V(O) for the definable
set it defines in the monster model. It is a definable subset of VK = V ×OK K. For
any (L,OL) valued field extension of (F,OF ), VOL is the base-change of V to OL
and VOL(OL) is the set of OL-points of VOL .
Similarly, in Section 2.2.4 we will see that every quasi-compact separated scheme
over OF gives rise to a pro-definable set, i.e. there pro-definable set of its O-points.
2.2.2. Algebraic Varieties. In the following we work in ACF, most of the following
can be found in [9, Section 7.4]. Let K be an algebraically closed field. Let V be
a variety over K. V has a finite open covering by schemes isomorphic to SpecRi,
Ri := K[X¯]/(fi,1, . . . , fi,s) where fi,j ∈ K[X¯]. Thus
V =
n⋃
i=1
Vi,
where Vi = SpecRi and (SpecRi)(K) ⊆ Kni with homeomorphisms
ϕi : Vi → SpecRi
such that
(1) Ui,j = ϕi(Vi ∩ Vj) is open subscheme of Ui
(2) ϕi,j = ϕi ◦ ϕ−1j : Uj,i → Ui,j is an isomorphism of varieties.
Let m be such that (SpecRi)(K) ⊆ Km for all i. Let u1, . . . , un ∈ K be distinct
and set
Y = {(x, y) ∈ Km+1 : y = ui and x ∈ (SpecRi)(K) for some i ≤ n}.
Define the following equivalence relation on Y :
(x, ui) ∼ (y, uj)⇔ ui = uj ∧ x = y or ui 6= uj, x ∈ Ui,j and ϕi,j(y) = x.
As ACF eliminates imaginaries, the quotient set Y/ ∼ is definable. Abusing
notations we will denote it by V (K). Identifying (SpecRi)(K) with (SpecRi)(K)×
{ui}, the maps ϕi, ϕi,j are definable. We will say that W is an affine open subset
of V (K) if W = ϕ−1i (X) for some atlas {ϕi, SpecRi} of V and open affine X ⊆
(SpecRi)(K). An open subset of V (K) is a finite union of affine open subsets, so
also definable.
Remark 2.2.1. Note that the choice of the affine open cover is immaterial. Since
the category of varieties with a distinguished open affine cover is equivalent to
the category of varieties, the above construction gives a unique definable set upto
definable isomorphisms.
Assume that G = V is an algebraic group. In this case G(K) is a definable
group, indeed the morphism
m : G(K)×G(K)→ G(K)
is continuous, thus for every i, m−1(Vi) is a finite union of open affines and m is
determined by its restriction to these open affines. Each of these restrictions is
definable. Similarly for inversion, so G(K) is an definable group. G(K) has generic
types.
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Remark. (1) G(K) is connected if and only if it is irreducible.
(2) Since the map Y → G(K) is a definable finite-to-one surjection,
RM(Y ) = RM(G(K)).
If G(K) is connected then it has a unique generic type and
dimG = RM(G(K)) = tr. deg(K(a)/K),
for a |= p|K , where p is the generic type of G(K).
From now on we also denote by V the set the variety defines in the monster
model, i.e. V (U). Similarly for algebraic groups.
Remark 2.2.2. Technically, in order to talk about regular functions on affine open
subsets of V one must use the atlas maps. If U ⊆ V is an affine open subset then
there exits an atlas map (ϕ, SpecR), and some affine open subset X ⊆ (SpecR)(K)
with ϕ−1(X) = U(K), where (ϕ,R) is one of the (ϕi, Ri) from above. A regular
function on U is of the sort f(ϕ(x)), where f is a regular function on X . We will
omit the ϕ and write f(x) for ease of writing. As a consequence when writing for
f a regular function on U and p a definable type on U
(dpx)(val(f(x)) ≥ γ)
we actually mean
(dϕ∗px)(val(f(x)) ≥ γ).
Recall that the pushforward of a generically stable, by a definable function, is also
generically stable. As a result, since ϕ is a definable isomorphism, p is generically
stable if and only if ϕ∗p is generically stable.
2.2.3. Schemes over OK . Let K be an algebraically closed valued field with valua-
tion ring OK . Let V be a separated finitely presented scheme over SpecOK . V has a
finite open covering by schemes isomorphic to SpecRi, Ri := OK [X¯ ]/(fi,1, . . . fi,n)
where fi,j ∈ OK [X¯ ]. VK := V ×OK K is thus a scheme of finite type over K and
we may identify VK(K) with a definable set (in ACF).
TheOK-points of a finitely presented affine scheme overOK , SpecOK [X¯ ]/(f1, . . . , fn),
may be identified with the definable set (in ACVF):
{a¯ ∈ O|X¯|K : f1(a¯) = . . . = fn(a¯) = 0}.
In general there is a map V(OK) → VK(K), but, since V is separated, by the
valuative criterion of separatedness [1, Theorem 15.8]:
Fact 2.2.3. V(OK) →֒ VK(K).
Since a K-point of VK is an OK-point of V if and only if it is an OK-point of
SpecRi for some i, V(OK) is a definable subset of VK(K).
Remark. As in Remark 2.2.1, the choice of the open affine cover is immaterial.
Similarly to Section 2.2.2, if V = G is a separated finitely presented group scheme
over OK , G(OK) is a definable subgroup of GK(K).
2.2.4. Schemes over OK as Pro-Definable Sets. Not all schemes are finitely pre-
sented, but that does not mean we can not access them within the definable world.
Fact 2.2.4. [15, Tag 01YT] Let S be a quasi-compact quasi-separated scheme over
an affine scheme R, i.e. S can be covered by a finite number of affine open sub-
schemes, any two of which have intersection also covered by a finite number of affine
open subschemes.
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(1) There exists a directed inverse system of schemes (Si, πij) with affine tran-
sition maps such that each Si is a finitely presented schemes over R and
S = lim←−i Si.
(2) For every quasi-compact open U ⊆ S there exists iU and opens Ui ⊆ Si such
that π−1i (Ui) = U and U = lim←−i≥iU Ui, where πi : S → Si is the natural
projection morphism.
Let K |= ACVF and V be a quasi-compact separated scheme over OK . By the
above fact there exist finitely presented schemes over OK , Vi, such that V = lim←−i Vi.
Since V is separated, there exists i0 such that for all i ≥ i0, Vi is separated ([15,
Tag 086Q]). Hence we may assume all the Vi are separated.
Observe that VK := V ×OK K = lim←−i(Vi)K . Following Section 2.2.3 we may
identify each of the Vi(O) with a definable subset of the corresponding (Vi)K . The
transition maps correspond to definable maps. Thus we may identify VK with a
pro-definable set (in ACF) and V(O) with a pro-definable subset (in ACVF) of VK .
Notice that a type of an element of V , p, is a compatible (with respect to the
transition maps) sequence of types (pi)i such that pi is concentrated on Vi.
If U ⊆ VK is an open subscheme with U = lim←−i≥iU Ui then a regular function f
on U corresponds to a regular function on some Ui. The following is easy.
Lemma 2.2.5. (1) Such a type p = (pi)i is Zariski dense in VK if and only if
pi is Zariski dense in (Vi)K for all i.
(2) If V is irreducible then there exits i0 such that for all i ≥ i0, Vi is irreducible.
Due to (2), for V irreducible, there is no harm in assuming that all Vi are
irreducible.
A definable a function f on V is a compatible (with respect to the transition
maps) sequence of definable functions (fi)i such that fi is a definable function on
Vi. Since the system (Vi, πij) is directed, a definable function on p is a definable
function on one of the pi, and consequently:
Lemma 2.2.6. A type p = (pi)i on V is stably dominated if and only if pi is stably
dominated for each i.
Similarly, if G is a quasi-compact separated group scheme over OK then one may
interpret GK as a pro-definable group with G(O) as a pro-definable subgroup.
3. Some Facts on Schemes over Valuation Rings
3.1. Facts on Schemes over General Valuation Rings. Let R be a valuation
ring. The following properties are well known.
Fact 3.1.1. [11] M is a flat R-module if and only if it is torsion-free.
Fact 3.1.2. [11] A flat scheme of finite type over a valuation ring is finitely pre-
sented.
The following is straightforward.
Fact 3.1.3. Let X = SpecA and Y = SpecB be affine schemes with Y reduced.
Then X → Y is dominant if and only if B → A is injective.
Recall that if V is a scheme over R, then a R-point corresponds to a section
s : SpecR→ V of V → SpecR.
Proposition 3.1.4. Let V be an irreducible scheme over R. If V has a R-point
then V is faithfully flat over R.
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Proof. Let U = SpecA be an affine open subscheme of V containing the given
R-point. Since the R-point gives a section of U → SpecR, the corresponding
homomorphism R→ A is injective. The following Claim proves that U is flat over
R.
Claim 1. Let A be an irreducible ring and
R
ρ−→ A
a ring homomorphism. If ρ is injective then A is a R-flat module via ρ.
Proof. Assume ρ is injective. Since R is a valuation ring, if A is not a flat R module,
by Fact 3.1.1, there exist a and r, both non-zero, such that ρ(r)a = 0. Since A
is irreducible, every zero divisor is nilpotent, so ρ(rm) = 0 for some m and then
rm = 0 so r = 0, contradiction.  (claim)
Also, since R is reduced, by the previous lemma, U → SpecR is dominant and
hence, by irreducibility of V , so is V → SpecR.
Because flatness is open on the source it is enough to show that X is flat over
R for every affine open subscheme X of V . For such an X , since V is irreducible,
X → SpecR is also dominant and hence flat by Lemma 3.1.3 and the Claim.
V is faithfully flat because V → SpecR is surjective by the existence of the
section. 
Since we will mostly deal with irreducible schemes over SpecR that do have R-
points, we will usually use ”of finite type” as our finiteness condition remembering
that it implies ”finitely presented”.
Proposition 3.1.5. Let F be a valued field with valuation ring R. Let V be an
irreducible scheme over R, with V → SpecR dominant. Then
V ×SpecR SpecF
is irreducible as well.
Remark. By the proof Proposition 3.1.4, if V has a R-point then V → SpecR is
dominant.
Proof. Since the generic fiber V×SpecRSpecF is dense in V it is also irreducible. 
3.2. Facts on Schemes over OK . Let V be a scheme over a valuation ring R with
residue field k. Let s : SpecR → V be an R-point, i.e. a section of V → SpecR.
Base changing with Spec k → SpecR, gives a k-point Spec k → Vk of Vk. This
defines a map
r : V(R)→ Vk(k).
We move to algebraically closed valued fields. Let K |= ACVF and OK its
valuation ring.
In this section we will prove that if V is a quasi-compact separated irreducible
scheme over OK , with an OK-point, then the map r : V(O)→ Vk is surjective. We
will prove it using arguments similar to the ones given in [6, Lemma 6.6].
Remark. An affine scheme SpecOK [X¯]/I of finite type over OK is flat over OK if
and only if I = IK[X¯] ∩OK [X¯]. Indeed, by flatness
OK [X¯]/I →֒ K[X¯]/IK[X¯].
The other direction uses Fact 3.1.1.
The following is well known for varieties over K, but the same proof gives
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Fact 3.2.1. Let V = SpecA be an irreducible affine scheme over K. It deter-
mines a pro-definable set in ACF, and has a unique generic type (a type which
is not concentrated on any closed subvariety) p. Furthermore, if b |= p|K then
A/Nil(A) ∼= K[b], such an element b is called a K-generic of V .
Lemma 3.2.2. Let V = SpecA be an irreducible affine scheme over OK . If V has
an OK-point and b is a K-generic point of VK then
(1)
A/Nil(A) ∼= OK [b];
(2) and if b ∈ L where K ⊆ L is an algebraically closed field then there exists
a valuation ring S ⊆ L such that S ∩K = OK and b ∈ S.
Proof. (1) Let A ∼= OK [X¯]/I and let OK [X¯] → OK [b] be the natural surjec-
tion. If f ∈ OK [X¯ ] is such that f(b) = 0 then since VK is irreducible (see
Proposition 3.1.5) and b is K-generic point, fn ∈ IK[X¯] and by flatness,
fn ∈ I, so f ∈ √I.
(2) Every point in V(OK) arises from an OK-algebra homomorphism
h : OK [b]→ OK .
Claim 1. MK = {x ∈ K : val(x) > 0} generates a proper ideal of OK [b].
Proof. Otherwise, for some finite number of mi ∈MK and fi ∈ OK [X¯] we
would have ∑
i
mifi(bi) = 1,
but then
∑
imifi(h(bi)) = 1. Contradiction, since val(mifi(h(bi))) > 0 for
all i.  (claim)
Thus we may extend MK to a maximal ideal M of OK [b]. By [10,
Theorem 10.2], there exists a valuation ring OK [b] ⊆ OL ⊆ L such that
ML∩OK [b] =M , whereML is the maximal ideal of OL, and in particular
ML ∩OK =MK . As a consequence, the valuation on K can be extended
to L in such a way that b ∈ OL.

The following was proved in [6, Lemma 6.6] for the affine of finite type case.
Proposition 3.2.3. Let V be an irreducible quasi-compact separated scheme over
OK . If V has an OK-point then V(O) is Zariski dense in VK.
Moreover, if V is of finite type over OK then V(OK) is Zariski dense in VK(K).
Proof. Since every open subscheme of V is Zariski dense and the given OK-point
must land in some affine open subset, we may reduce to the case where V is affine.
Assume that V = SpecOK [X¯]/I, where |X¯ | may be infinite but small. Let
U ⊆ VK′ be a Zariski open subscheme, where K ≺ K ′. Let b ∈ OL (with K ′ ≺ L)
be a K ′-generic of VK′(K ′), as in Lemma 3.2.2. Since VK is irreducible (again, by
Proposition 3.1.5) and thus has unique generic type, b ∈ U(L). If V is of finite type
over OK , there thus exists b′ ∈ V(OK′) with b′ ∈ U(K ′). 
Theorem 3.2.4. Let V be a quasi-compact separated irreducible scheme over OK .
If V has an OK-point then
r : V(O)→ Vk
is surjective.
Moreover, if V is of finite type over OK then
r : V(OK)→ VkK (kK)
is surjective.
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Proof. Since V has an OK point, VkK has a kK-point. We first assume that V is
affine, say V = SpecOK [X¯]/I, where |X¯| may be infinite but small. Every O-point
(resp. k-point) factors through Vred (resp. (Vk)red) so we may assume that V and
Vk are reduced.
Let a ∈ Vk be a k-point of Vk. After base-changing, for simplicity, we may
assume that a ∈ VkK (kK). Let b ∈ L a K-generic of VK(K) in some elementary
extension K ≺ L. By Lemma 3.2.2 we may assume that b ∈ OL. The map
OK [X¯]/I → OK [X¯]/I ⊗OK kK → kK
sending f 7→ f¯ 7→ f¯(a) extends the residue map res : OK → kK . Since OK [b] ∼=
OK [X¯]/I (Lemma 3.2.2), in some elementary extension an O-point of V maps to
a. If V is of finite type over OK , we can find b′ ∈ V(OK) such that res(b′) = a.
If V is not affine, the kK -point of VkK must lie in some affine open
Uk := U ×SpecOK Spec k
for some U ⊆ V affine open subscheme. U must contain an OK-point by Proposition
3.2.3, so may reduce to the affine case. 
4. Stably Pointed Varieties
Let F be a perfect Henselian valued field with valuation ring OF . In ACVF,
it means that F is definably closed (dclV F (F ) = F ). Some of what follows may
probably be done in a higher level of generality. Let K |=ACVF, usually a model
containing F .
Let V be a variety over F . As was said before, and hopefully without creating
too much confusion, we will also denote by V the definable set V defines in the
monster model.
In ACF the pair (V, p) where V is a variety over K and p is a Zariski dense type
concentrated on V is well understood. There is a unique such p, and, by assumption,
it is the unique generic type of V . We would like to develop an analogous picture
for ACVF.
We first define a functor ΦF from the pairs (V, p) of a variety and a Zariski dense
generically stable type over a definably closed field F to schemes over OF ,
(V, p) 7→ ΦF (V, p).
In general there is no connection between ΦF and ΦL for some valued field extension
F ⊆ L.
In Proposition 4.2.15 we will show that if the pair (V, p) is taken over a model,
the choice of the model is immaterial, namely:
ΦK(V, p)×OK OL = ΦL(VL, p)
for anyK ≺ Lmodels of ACVF and thus they give the same definable set ΦK(V, p)(O).
Combining with Corollary 4.2.13 we get that the same happens for pairs (V, p) over
a definably closed defectless non-trivially valued field F with perfect residue field
for which ΓF (c) = ΓF for c |= p|F , i.e.
ΦF (V, p)×OF OL = ΦL(VL, p)
for any model F ⊆ L.
In view of this discussion, if the base can be understood from the context or
more importantly if the base is nice enough and we only care about model theoretic
properties, e.g. properties of the definable sets of O-points or K-points, we may
drop the subscript and denote this functor by Φ, without specifying the base.
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4.1. Stably Pointed Varieties Exist. The main objects of this section will be
pairs (V, p), where V is an algebraic variety and p is a Zariski dense generically
stable type concentrated on it. The aim of this subsection is to prove that these
pairs can be found in abundant.
Example 4.1.1. Let K |= ACVF and let pO be the generic type of the closed
ball (see Example 2.1.4). It is Zariski dense in A1K . Notice that although A
1
K is
integral it does not have a unique Zariski dense generically stable type, for instance
apO (the push-forward of pO with respect to multiplication by a) for a ∈ K× with
val(a) > 0 is Zariski dense, generically stable and not equal to pO.
Proposition 4.1.2. For any valued field F and variety V over F there exists a
Zariski dense generically stable type concentrated on V .
Proof. By the Noether normalization lemma there exists a surjective finite domi-
nant morphism f : V → AdF for some d. Since V is geometrically irreducible and f
is dominant, there exists a Zariski dense global type on p on V such that f∗p = p
d
O.
It is acl(F )-definable since f is quasi-finite, see [4, Lemma 2.3.4]. The type p is
generically stable (in fact, strongly stably dominated) by [4, Proposition 8.1.2]. 
Even more can be said if we start with a scheme of finite type over OF . We will
need to recall the following:
Fact 4.1.3. [15, Tag 0B2J] Let f : X → SpecR be a morphism from an irreducible
scheme to the spectrum of a valuation ring. If f is locally of finite type and surjective,
then the special fibre is equidimensional of dimension equal to the dimension of the
generic fibre.
Proposition 4.1.4. [4, Essentially in Proposition 8.1.2] Let V be an irreducible
separated scheme over OF and p a Zariski dense generically stable type concentrated
on V(O) definable over an algebraically closed valued field F ⊆ K. If dimVK =
dimVk and r∗p is a generic type of Vk, then p is stably dominated by r∗p via
r : V(O)→ Vk.
In particular, the result holds if we replace the assumption dimVK = dimVk with
V being of finite type over OF .
Remark. Since V(O) 6= ∅, if VOL is of finite type over OL then it is flat over OL,
for any algebraically closed valued field L containing F , by Proposition 3.1.4.
Proof. Assume that p is stably dominated by anK-definable function h and let a |=
p|K. By [3, Section 7.5], every stable stably embedded set is definably isomorphic
to a definable subset of the residue sort, so we may assume that h is a definable
function into a power of the residue field.
Since Γ(Ka) = Γ(K), by the Abhyankar inequality,
tr. deg(kK(a)/kK) ≤ tr. deg(K(a)/K).
On the other hand, h(a), r(a) ∈ kK(a), dimVK = dimVk and r∗p is generic so
tr. deg(kK(r(a))/kK ) = tr. deg(K(a)/K)
and thus h(a) is algebraic over kK(r(a)). So if a |= p|K and r(a) |= r∗p|B for some
K ⊆ B then also h(a) |= h∗p|B hence a |= p|B.
The in particular follows using Fact 4.1.3. 
Using Theorem 3.2.4 we will now show that, over models, generically stable types
which are stably dominated by r : V(O)→ Vk exist.
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Fact 4.1.5. [3, Lemma 10.2] Let K be a non-trivially valued algebraically closed
field. If
tr. deg(K(a)/K) = tr. deg(kK(a)/kK),
then tp(a/K) is stably dominated and has a unique K-definable global extension.
Lemma 4.1.6. [6, Lemma 6.7] Let K be a non-trivially valued algebraically closed
field and V an irreducible separated scheme of finite type over OK . Every Zariski
dense type p = tp(a/K) which is
(1) concentrated on V(O) and for which
(2) r∗p is a generic type of Vk
is stably dominated, via r : V(O)→ Vk, and has a unique K-definable global exten-
sion.
Moreover, every Zariski dense definable global type q for which (1) and (2) hold,
is K-definable.
Proof. Let n := dimVK . By Fact 4.1.3, n = dimVK = dimVk. In general we have,
tr. deg(kK(a)/kK)) + dimQ(ΓK(a)/ΓK) ≤ tr. deg(K(a)/K).
Since for every model K ≺ L, and b ∈ V(OL), r(b) ∈ Vk(kL), it follows that
r(a) ∈ kK(a)alg and so
n = tr. deg(kK(r(a))/kK) ≤ tr. deg(kK(a)alg/kK) = tr. deg(kK(a)/kK).
Since
tr. deg(K(a)/K) = n,
p = tp(a/K) is stably dominated and has a unique K-definable global extension by
Fact 4.1.5. The result follows using Proposition 4.1.4.
As for the moreover part, let q be a Zariski dense definable global type as in
the statement and assume it is definable over K ⊆ L, with L an algebraically
closed valued field. By the above, q|K has a unique K-definable global extension,
q˜. Let a |= q|L. Since q˜ is stably dominated over K and r(a) |= r∗q|L, by stable
domination a |= q˜|L. Thus q and q˜ are both L-definable extensions of q|L, so by
uniqueness they are equal and therefore q is K-definable. 
Proposition 4.1.7. Let K be a non-trivially valued algebraically closed field and
let V be an irreducible separated scheme of finite type over OK . If V has an OK-
point then there exists a K-definable type p which is concentrated on V(O) and is
stably dominated by r∗p via the map r : V(O)→ Vk where r∗p is a generic type of
Vk.
Proof. This is a consequence of Theorem 3.2.4 and Lemma 4.1.6. 
4.2. The Functor ΦF . Let F be a definably closed valued field. We will study
the pair (V, p) by defining a functor to schemes over OF .
4.2.1. Defining ΦF .
Definition 4.2.1. We will say that a generically stable F -definable type is strictly
based on F if ΓF (c) = ΓF for c |= p|F .
Notice that if F has a divisible value group then every such type is strictly based
on F .
Definition 4.2.2. Denote by (SPVar/F ) (”SPVar” for Stably Pointed Varieties)
the category of pairs (V, p) where V is a variety over F and p is a Zariski dense
generically stable type on V definable over and strictly based on F .
Morphisms f : (V, p) → (V ′, p′) are morphisms of varieties over F f : V →
V ′ that push-forward p appropriately, i.e. f∗p = p
′. Let (SPVaraff/F ) be the
subcategory of affine varieties over F .
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Define a functor ΦaffF : (SPVar
aff/F )→ (Schaff/OF ), which is given by
ΦaffF (V, p) = SpecF [V ]
p
where F [V ]p := {f ∈ F [V ] : (dpx)(val(f(x)) ≥ 0)} and (Schaff/OF ) is the category
of affine schemes over OF . Since F [V ]p is an OF -algebra, SpecF [V ]p is indeed a
scheme over OF . As for functoriality, assume that we have a morphism
Θ : (V1, p1)→ (V2, p2).
Let f ∈ F [V2] be such that
(dp2x)(val(f(x)) ≥ 0)
and c |= p1|F . Since Θ(c) |= p2|F ,
val(f ◦Θ)(c) ≥ 0.
We would like to extend this functor to a functor
ΦF : (SPVar/F )→ (Sch/OF ).
The following is well known.
Fact 4.2.3. Let U ⊆ SpecA and V ⊆ SpecB be isomorphic open subschemes of
affine schemes (assume ϕ : U
∼=−→ V ). Then there exist coverings by basic open sets
U =
⋃
i∈I
SpecA(fi), V =
⋃
i∈I
SpecB(gi)
such that for each i ∈ I, SpecA(fi) is isomorphic to SpecB(gi) and these glue to
produce the isomorphism ϕ.
Proof. Since ϕ is an isomorphism for each g ∈ B, ϕ−1(SpecB(g)) is affine, say it
is equal to Spec A˜. Since Spec A˜ →֒ SpecA is an open immersion, Spec A˜ may be
covered by basic open sets SpecA(fi) = Spec A˜(f˜i). The isomorphic image of any
of these is equal to SpecB(gi) for a certain gi ∈ B. 
Proposition 4.2.4. There exists a functor ΦF : (SPVar/F )→ (Sch/OF ) extend-
ing ΦaffF . Moreover, ΦF (V, p) is a quasi-compact quasi-separated integral flat scheme
over OF and ΦF (V, p)×SpecOF SpecF = V .
Proof. Since the category of schemes with a distinguished affine open cover is equiv-
alent to the category of schemes, we may choose an affine open cover and define the
functor with respect to that cover. Let (V, p) ∈ (SPVar/F ) and let V = ⋃ni=1 Vi be
a covering by open affine subschemes. For each i we apply ΦaffF to (Vi, p) and get
the following OF -subalgebra of F [Vi]:
F [Vi]
p := {f ∈ F [Vi] : (dpx)(val(f(x)) ≥ 0)}.
For every h ∈ F [Vi], let F [Vi](h) be the corresponding localization. If
(dpx)(val(h(x)) = 0)
then (
F [Vi](h)
)p
= (F [Vi]
p)(h) ,
where
(
F [Vi](h)
)p
:= F [Spec (F [Vi])(h)]
p. We will write F [Vi]
p
(h) for simplicity.
Claim 1. (1) For every i and any 0 6= r ∈ F [Vi] there exists c ∈ F such that
(dpx)(val((c
−1r)(x)) = 0).
(2) For every i and h ∈ F [Vi] s.t. (dpx)(val(h(x)) = 0),
F [Vi]
p
(h) ⊗OF F ∼= F [Vi](h)
as F -algebras.
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Proof. It will be enough to prove both statements for V := V1.
(1) Let a |= p|F , since p is strictly based on F and thus ΓF (a) = ΓF , there exists
c ∈ F such that val(r(a)) = val(c). If c = 0 then r vanishes on a dense
subset of V (F ) (i.e. r = 0 in F [V ]). Contradiction. So val((c−1r(a)) = 0.
(2) Let F [V ]p(h) ⊗OF F → F [V ](h) be the natural map given by f ⊗ a 7→ af .
Surjectivity: Let r ∈ F [V ](h), as in (1), we may find 0 6= c ∈ F such that
val(c−1r(a)) ≥ 0
for a |= p|F so c−1r ∈ F [V ]p(h).
Injectivity: F has no OF -torsion, so by flatness (Fact 3.1.1)
F [V ]p(h) ⊗OF F →֒ F [V ](h) ⊗OF F ∼= F [V ](h).
 (claim)
It follows from the above claim that
{SpecF [Vi](f) : f ∈ F [Vi]p,0},
where F [Vi]
p,0 = {f ∈ F [Vi]p : (dpx)(val(f(x)) = 0)}, is a basis for the topology on
SpecF [Vi]. Note that the above is true for any affine open subset of V .
In order to glue a scheme over OF we will need the following claim:
Claim 2. Let W1,W2 ⊆ V be affine open subschemes over F , let Ui ⊆Wi be open
subschemes (for i = 1, 2) and let
ϕ : U1
∼=−→ U2
be a gluing isomorphism. Then SpecF [W1]
p may be glued to SpecF [W2]
p.
Proof. By Fact 4.2.3, we may assume we that the isomorphism ϕ is realized by
coverings by basic open affines
W1 =
⋃
i∈I
Spec(F [W1](fi)), W2 =
⋃
i∈I
Spec(F [W2](gi)),
i.e the isomorphism is given by gluing the following isomorphism of F -algebras
ϕ∗i : F [W2](gi)
∼=−→ F [W1](fi).
As was done above, we may assume that fi ∈ F [W1]p,0 and gi ∈ F [W2]p,0, and
hence by functoriality of ΦaffF these give rise to an isomorphism
F [W2]
p
(gi)
∼=−→ F [W1]p(fi).
 (claim)
Denote the glued scheme by ΦF (V, p). Hence we get a functor ΦF : (SPVar/F )→
(Sch/OF ) extending ΦaffF .
Indeed, let (Ui, pi) ∈ (SPVar/F ) (for i = 1, 2) and ϕ : U1 → U2 be a mor-
phism over F such that ϕ∗p1 = p2. We will show that one may glue a morphism
F (ϕ) : ΦF (U1, p1) → ΦF (U2, p2). Assume that U1 =
⋃
Spec(F [U1](fi)) and U2 =⋃
Spec(F [U2](gi)) where we may assume that fi ∈ F [U1]p1,0 and gi ∈ F [U2]p2,0.
Since ϕ is given by gluing F -algebra homomorphisms of the sort F [U2](gi) →(
F [U1](fi)
)
(f)
, for some f ∈ F [U1](fi) which we may assume to be in F [U1]p,0(fi),
by functoriality of ΦaffF , these restrict to an OF -algbera homomorphism
F [U2]
p
(gi)
→ (F [U1](fi))p(f) .
Gluing back we get ΦF (ϕ). Functoriality follows similarly.
Set ΦF (V, p) = V . The scheme V is reduced and integral since F [U ]p is an
OF -subalgebra of F [U ] for any affine open subscheme U ⊆ V . It is flat since an
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OF -module is OF -torsion free if and only if it is flat (Fact 3.1.1). Since V is quasi-
compact quasi-separated it has a finite cover by open open affine subschemes such
that any intersection is covered by a finite number of open affine subschemes, and
hence, by construction, V is also quasi-compact quasi-separated. Finally, by Claim
1 above,
V ×SpecOF SpecF = V.

Remark. (1) The Proposition shows that if V =
⋃n
i=1 Vi is an affine open cover
then ΦF (V, p) =
⋃n
i=1Φ
aff
F (Vi, p) is an open cover by affine schemes over
OF .
(2) The functor ΦF is not full. Recall that ΦF (A
1
F , pO) = A
1
O and consider
the morphism A1O → A1O given by x 7→ a · x with val(a) > 0, it does not
preserve pO.
After gathering some more tools, in Proposition 3.1.4 we will show that when K
is a model, and after restricting the codomain, ΦK is fully faithful.
4.2.2. Defectless Henselian Valued Fields and Descent. If F ⊆ F ′ are valued fields
and V a variety over F , we would like to find a connection between ΦF (V ) and
ΦF ′(VF ′). If F is ”well-behaved” we will prove that ΦF (V )×OF OF ′ = ΦF ′(VF ′).
Let F be an henselian valued field, and L/F a finite extension of valued fields.
By the fundamental equality
[L : F ] = d · [ΓL : ΓF ] · [kL : kF ],
where d is the defect of the extension. The extension L/F is called defectless if
d = 1 and F is defectless if L/F is defectless for every finite extension L/F . We
introduced this notion for henselian valued fields, but it exists for general valued
fields (see [8, Chapter 11] for more information).
The following are well known examples.
Example 4.2.5. (1) Every model of ACVF is trivially defectless.
(2) Every henselian valued field of residue characteristic zero is a defectless
field.
(3) Every spherically complete field is a henselian defectless field.
(4) For every prime p, Qp and Fp((t)) are henselian defectless valued fields.
(5) There are examples of extensions with non-trivial defect (see [8, Section
11.5]).
Until the rest of the section let F be an henselian perfect valued field with perfect
residue field.
Lemma 4.2.6. Let F be as above and L/F a defectless finite extension of valued
fields. Let p be a generically stable F -definable type. If it is strictly based on F then
it is also strictly based on L.
Proof. Let c |= p|L. Since kF is perfect, by [3, Proposition 8.19] kF (c) is linearly
disjoint from kL over kF and thus [kL(c) : kF (c)] = [kL : kF ]. Since p is strictly
based on F , i.e. ΓF (c) = ΓF ,
[ΓL : ΓF ] ≤ [ΓL(c) : ΓF (c)],
and obviously [L(c) : F (c)] ≤ [L : F ]. Thus by the fundamental inequality
[ΓL(c) : ΓF (c)] ≤ [L(c) : F (c)]
[kL(c) : kF (c)]
≤ [L : F ]
[kL : kF ]
= [ΓL : ΓF ]
and consequently ΓL(c) = ΓL. 
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Fact 4.2.7. [8, Lemma 6.17] Let F be an henselian valued field and L/F a finite
extension. If L/F is defectless then L/F admits a valuation basis, i.e. there exists
a basis c1, . . . , cn of L/F such that for every a1, . . . , an ∈ F
val(a1c1 + . . . ancn) = min
i
{val(aici)}.
In fact one may choose this valuation basis to be a standard valuation independent
set, i.e. of the form {b′ib′′j }i,j where the values {val(b′i)}i lie in distinct cosets of ΓL
modulo ΓF and {b′′j }j are elements of 0 valuation whose residues are kF -linearly
independent.
Definition 4.2.8. Let L1/F and L2/F be two extensions of valued fields. We say
that L1 is valuation disjoint from L2 over F if every standard valuation independent
set of L1/F is also a standard valuation independent set of L2L1/L2.
Fact 4.2.9. [7, Lemma 2.19] Let L1/F and L2/F be two extension of valued fields.
Then L1/F is valuation disjoint from L2/F if and only if
(1) ΓL1 ∩ ΓL2 = ΓF , and
(2) kL1 is linearly disjoint from kL2 over kF .
Lemma 4.2.10. Let F be as above, p a generically stable F -definable type which
is strictly based on F and L/F an extension of valued fields. Then L is valuation
disjoint from F (c) over F , for c |= p|L.
Proof. We use Fact 4.2.9. Since p is strictly based on F , ΓF (c)∩ΓL = ΓF ∩ΓL = ΓF .
Recall that for a valued field field A, k(A) := dcl(A) ∩ k(U). By [3, Proposition
8.19], k(acl(F (a)) and k(L) are linearly disjoint over k(F ). Also, since kF is perfect,
kF = k(F ) and the result follows. 
Recall the following result:
Lemma 4.2.11. Let (V, p) ∈ (SPVaraff/F ). Then F (V ) (the field of rational
functions on V ) is a valued field with valuation
F (V ) ∋ f 7→ val(f(c))
where c |= p.
Proof. Let c |= p. Since p is dense in V , for f(x) ∈ F [V ], val(f(c)) =∞ if and only
if f = 0 (in F [V ]). So the map given is indeed a valuation on F (V ) and extends
the one given on F . 
Combining the above we get our desired result for defectless finite extensions:
Proposition 4.2.12. Let F be as above, (V, p) ∈ (SPVar/F ) and L/F be a defect-
less finite extension of valued fields. Then
ΦF (V, p)×OF OL = ΦL(VL, p).
Proof. If F is trivially valued there is nothing to prove.
By functoriality and the remark after Proposition 4.2.4, it is enough to prove the
statement for affine V . Let B = (v1, . . . , vn) be a standard valuation basis for L/F
and c |= p|L. By Lemma 4.2.10, B is also a standard valuation basis for L(c)/F (c).
Recall that F (V ) ≃ F (c) and L(V ) ≃ L(c). Define
F (V )p = {f ∈ F (V ) : val(f(c)) ≥ 0},
and similarly L(V )p, they are the valuation rings of F (V ) and L(V ) with respect
to the valuation given by Lemma 4.2.11.
Claim 1. L(V )p = F (V )p ⊗OF OL.
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Proof. One inclusion is obvious, for the other let f ∈ L(V )p. Since B is a basis
there exist f1, . . . , fn ∈ F (V ) such that
f =
n∑
i=1
fi · vi.
Since B is a valuation basis and f ∈ L(V )p, val(fi · vi) ≥ 0 for every i. The type
p is strictly based on F and hence for every i with fi 6= 0 we may choose ai ∈ F×
such that val(fi) = val(ai) and write
f =
n∑
i=1
(a−1i fi) · (aivi).
Thus a−1i fi ∈ F (V )p and aivi ∈ OL.  (claim)
Since L[V ] = F [V ]⊗F L and B is a basis the Claim implies that
L[V ]p = F [V ]p ⊗OF OL.

Corollary 4.2.13. Let (V, p) ∈ (SPVar/F ) where F is as above. If in addition F
is defectless, then ΦF (V, p) ×OF OL = ΦL(VL, p) for every algebraic extension of
valued fields L/F .
Proof. Every f ∈ L[V ]p lies in L′[V ]p for some finite extension of valued fields
L′/F . 
We will now show that we may descend between models.
Recall that a valued field C is maximally complete if it has no immediate proper
extension. By Zorn’s Lemma every valued field has an immediate maximally com-
plete extension ([8, Theorem 8.22]). A maximally complete immediate extension of
an algebraically closed valued field is also algebraically closed. Thus, by quantifier
elimination, for K |=ACVF there exists K ≺ K1 with K1 maximally complete.
Fact 4.2.14. [3, Proposition 12.1] Let C ≤ A be an extension of non-trivially
valued fields, with C maximally complete, and V be a finite dimensional C-vector
subspace of A. Then V admits a valuation basis.
Proposition 4.2.15. Let K ⊆ L be an extension of models of ACVF and (V, p) ∈
(SPVar/K). Then ΦK(V, p)×OK OL = ΦL(VL, p).
Proof. It is enough to prove the statement for affine V , i.e. that
K[V ]p ⊗OK OL = L[V ]p.
Since K[V ]p ⊗OK OL ⊆ L[V ]p, we show the other direction.
Let L ≺ K1 be a maximally complete extension and let c |= p|K1.
Assume that L[V ] = L[X¯]/I. Let Hd be the vector space of polynomials of
degree ≤ d, Id = Hd ∩ I and Ud = Hd/Id. It is a subvector space of L[X¯]/I.
Denote by L[c]≤d the L-vector spaces of polynomials of degree ≤ d in c. This may
be identified with the vector space Ud. Similarly, define K[c]≤d and thus
K[c]≤d ⊗K L = L[c]≤d.
Claim 1. K[c]≤d has a valuation basis over K.
Proof. By Fact 4.2.14 there exists a valuation basis f1, . . . , fn of K1[c]≤d, i.e. for
any a1, . . . , an ∈ K1
(dpx)
(
val
(
n∑
i=1
aifi(x)
)
= min{val(a1f1(x)), . . . , val(anfn(x))}
)
.
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Since the degrees of the basis elements and polynomials in question are bounded by
d the existence of such generators is a first order sentence so by model completeness
we may assume that such exist in K.  (claim)
Let f1(c), . . . , fn(c) be a valuation basis of K[c]≤d over K. Since p is strictly
based on K we may assume that val(fi(c)) = 0 for all i. As in the proof of the
claim, since the fact that the fi(c) form a valuation basis is contained in the type,
they also form a valuation basis over L.
Let f ∈ L[V ]p of degree ≤ d. By the above there exist a1, . . . , an ∈ L such that
f(c) =
∑
i aifi(c), and since the fi(c) form a valuation basis and val fi(c) = 0,
necessarily ai ∈ OL as needed. 
4.2.3. ΦF , Products and Separatedness. Using the descent results from the previous
section, we show that the functor ΦF , for nice enough F , commutes with finite
products and that the resulting schemes are separated.
Fact 4.2.16. [3, Lemmas 12.4] Let C ≤ A,B be algebraically closed valued fields
(all in U), with C maximally complete. Assume that Γ(C) = Γ(A) and that k(A)
and k(B) are linearly disjoint over k(C). For any
a1 . . . , an ∈ A and b1, . . . bn ∈ B
there exist a′1, . . . , a
′
k ∈ A and b′1, . . . , b′k ∈ B (k ≤ n) such that in A⊗C B we have∑n
i=1 ai ⊗ bi =
∑k
j=1 a
′
j ⊗ b′j and
val
(
n∑
i=1
aibi
)
= min
j
{val(a′jb′j)}.
Remark. (1) The proof of this statement doesn’t need A and B to be alge-
braically closed.
(2) It follows from the proof of the Fact that the a′j can be chosen in the C-
vector space spanned by the ai and the b
′
j can be chosen in the C-vector
space spanned by the bi.
Lemma 4.2.17. The above holds for K ≤ K(c),K(d) where K is maximally com-
plete and (c, d) |= (p⊗ q)|K for generically stable K-definable p and q.
Proof. By using [3, Proposition 8.19], the assumptions of Fact 4.2.16 hold. 
Proposition 4.2.18. Let F be a defectless henselian perfect valued field with perfect
residue field and (V1, p1), (V2, p2) ∈ (SPVaraff/F ). Then
F [V1 ×F V2]p1⊗p2 = F [V1]p1 ⊗OF F [V2]p2 .
Proof. The proof is a slight generalization, due to descent, but mostly identical
to the an argument given in [6, Proposition 6.11]. If F is trivially valued there is
nothing to prove. Otherwise, we first show the proposition for K = F alg and then
descend to F .
Claim 1. Let
m∑
i=1
fi ⊗ gi ∈ K[V1]⊗K K[V2]
with
(dp1⊗p2(x, y))(val(
m∑
i=1
fi(x) · gi(y)) ≥ 0),
then there exists
m∑
i=1
fi ⊗ gi =
m′∑
i=1
f ′i ⊗ g′i
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with
m′∑
i=1
f ′i ⊗ g′i ∈ K[V1]p1 ⊗OK K[V2]p2 .
Before proving the claim we remark that if R1, R2 are K-algebras and R
′
1, R
′
2
torsion-free OK-subalgebras, respectively, then
R′1 ⊗OK R′2 →֒ R1 ⊗OK R2.
Indeed, for i = 1, 2, Ri and R
′
i are OK -torsion free and hence flat OK-modules by
Fact 3.1.1, so we have the following injections:
R′1 ⊗OK R′2 →֒ R′1 ⊗OK R2 →֒ R1 ⊗OK R2,
thus we may identify R′1 ⊗OK R′2 with its image in R1 ⊗OK R2. Notice that
R1 ⊗OK R2 = R1 ⊗K R2
as OK-algebras. Specifically we identify K[V1]p1⊗OK K[V2]p2 as an OK-subalgebra
of K[V1]⊗OK K[V2] = K[V1]⊗K K[V2].
Proof. Let K ≺ K1 be maximally complete and (c, d) |= (p1 ⊗ p2)|K1. Since p is
generically stable and (c, d) |= (p1 ⊗ p2)|K1, by Lemma 4.2.17, we may find new f ′i
and g′i such that
val(
m∑
i=1
f ′i(c) · g′i(d)) = min
i
{val(f ′i(c)g′i(d))}.
By our assumption this has positive valuation. By renormalizing f ′i and g
′
i we may
assume that val(f ′i(c)) = 0 (as was done in the Claim in Proposition 4.2.4), and
max
i
{val(g′i(d))} ≥ 0.
Thus for any c′ |= p1|K1 and d′ |= p2|K1 we have val(f ′i(c′)) ≥ 0 and val(g′i(d′)) ≥ 0.
By Lemma 4.2.17, the f ′i and g
′
i were taken from the K1-vector space spanned
by the fi and gi. Hence, by definability of p1⊗p2, we may find such that are in the
K-vector space and still fulfilling the requirements, so are in K[V1]
p1 and K[V2]
p2 ,
respectively.  (claim)
Returning to F , by the above and Corollary 4.2.13,
F [V1 ×F V2]p1⊗p2 ⊗OF OK = (F [V1]p1 ⊗OF F [V2]p2)⊗OF OK ,
where as before K = F alg. Since OF ⊆ OK , and OK is an integral domain, OK is
flat over OF by Fact 3.1.1. The proposition now follows by faithfully flat descent
(see [1, Proposition 14.51]). 
Proposition 4.2.19. Let F be a defectless henselian perfect valued field with perfect
residue field. If
(V1, p1), (V2, p2) ∈ (SPVar/F ),
with p1 ⊗ p2 strictly based on F and ΦF (Vi, pi) = Vi for i = 1, 2, then
ΦF (V1 × V2, p1 ⊗ p2) = V1 ×OF V2.
Likewise, for any finite product.
Proof. If V1 =
⋃
i Ui and V2 =
⋃
iWi are affine open covers then {Ui ×Wj}ij is an
affine open cover for V1 × V2. By Proposition 4.2.18 for every i, j,
F [Ui ×F Wj ]p1⊗p2 = F [Ui]p1 ⊗OF F [Wj ]p2 .
As a result and since p1 ⊗ p2 is strictly based on F
{Spec(F [Ui]⊗F F [Wj ])(f) : f ∈ F [Ui]p1 ⊗F F [Wj ]p2}
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is a basis for the topology on Spec (F [Ui]⊗F F [Wj ]). In fact, we may take only
f ∈ F [Ui]p1 ⊗F F [Wj ]p2 such that val(f(c, d)) = 0 for (c, d) |= (p1 ⊗ p2)|F . The
result follows from the Remark after Proposition 4.2.4 . 
We now show that the functor ΦF gives separated schemes.
Proposition 4.2.20. Let F be a defectless henselian perfect valued field with perfect
residue field. If (V, p) ∈ (SPVar/F ) then V := ΦF (V, p) is separated over OF .
Proof. If F is trivially valued there is nothing to prove. Otherwise, since OF ⊆
OFalg is faithfully flat, by faithfully flat descent we may assume that F = F alg (see
[1, Proposition 14.49]). By [15, Tag 01KP] we need to show that there exists an
open affine covering V = ⋃i Ui such that
(1) Ui ∩ Uj is affine and
(2) OV(Ui)⊗OF OV(Uj)→ OV(Ui ∩ Uj) is surjective for all i, j.
Where OV is the structure sheaf on V . The first condition is satisfied by the way
V was glued, that is, if V = ⋃i Ui then V = ⋃i Ui with ΦF (Ui, p) = Ui and
ΦF (Ui ∩ Uj , p) = Ui ∩ Uj .
Since V is separated,
F [Ui]⊗F F [Uj]→ F [Ui ∩ Uj ]
is surjective. Let f ∈ F [Ui ∩ Uj ]p and let fl ∈ F [Ui] and gl ∈ F [Uj] be such that
f(x) =
∑
l
fl(x)gl(x).
By Proposition 4.2.18, there exist f ′l ∈ F [Ui]p and g′l ∈ F [Uj ]p such that∑
l
fl(x) ⊗ gl(y) =
∑
l
f ′l (x)⊗ g′l(y)
in F [Ui]⊗F F [Uj], in particular
f(x) =
∑
l
f ′l (x)g
′
l(x).

4.3. Φ and Model Theoretic Properties. A valued field F will be called a good
base if it is non-trivially valued, defectless, henselian, perfect and has a perfect
residue field.
By Corollary 4.2.13 and Proposition 4.2.15, if (V, p) ∈ (SPVar/F ), where F is a
good base, then ΦK(VK , p) = ΦF (V, p)×OF OK for any algebraically closed valued
field containing F . Since V is separated over F , by Proposition 4.2.20, ΦF (V, p) is
separated over OF .
Recall Section 2.2.4, since ΦF (V, p) is an inverse limit of schemes of finite type
over OF (necessarily indexed by a small set, with respect to the monster model),
Φ(V, p)F := Φ(V, p)×OF F is a pro-definable set, the emphasis here was that we can
take the index set to be small. Thus, for V := ΦF (V, p), viewing VF a pro-definable
set, V(O) ⊆ VF is a pro-definable subset. By Proposition 4.2.4, VF ∼= V as schemes
over F . Under this isomorphism p is concentrated on VF . We will identify p with
its image under this isomorphism.
Consequently, if the base is immaterial, for instance if we only care about prop-
erties of the definable set associated with ΦF (V, p), e.g. the O-points and the
K-points, then we will omit the subscript F and simply denote the scheme by
Φ(V, p). The (pro-)definable set of O-points it defines in the monster model will be
denoted by Φ(V, p)(O).
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In the previous sections we described the functor Φ (more specifically ΦK), and
using it gave a geometric description of the category (SPVar/K). In the following
section, we give some model theoretic properties of Φ(V, p) and conclude that after
restricting the codomain, it is fully faithful.
We will first need the following definition, whose origin can be seen in [6, Propo-
sition 6.9].
Definition 4.3.1. Let K be model of ACVF, V be an affine scheme over OK , p
a K-definable type concentrated on V(O) (so V(O) 6= ∅). We say that V has the
maximum modulus principle with respect to p (written, the mmp w.r.t. p) if for
every regular function f on VK = V ×OK K there is some γf ∈ Γ such that
(dpx)(val(f(x)) = γf )
and for any h ∈ V(O)
val(f(h)) ≥ γf .
If V is a quasi-compact separated scheme over OK (not necessarily affine) then
we will say that it has the mmp w.r.t. p if V has an affine open cover, consisting of
schemes over OK ,
V =
n⋃
i=1
Ui
such that for every i with Ui(O) 6= ∅, p is concentrated on Ui(O) and has the mmp
w.r.t. p.
Remark 4.3.2. (1) The two definitions coincide for affine schemes over OK .
(2) By definition, V has the mmp w.r.t. p if and only if VO = V ×OK O has
the mmp w.r.t. p.
(3) If V is of finite type over OK , then (2) would also be true if in the definition
we only consider regular functions on VK .
(4) By quantifier elimination in the language Ldiv, every formula is equivalent
to a boolean combination of formulas of the sort val(f(x)) ≤ val(g(x)), so
if V has the mmp w.r.t. p and w.r.t. q then p = q.
Lemma 4.3.3. Let V be a quasi-compact separated integral scheme over OK and
p a K-definable type concentrated on V(O). If V has the mmp w.r.t. p then p is
generically stable and Zariski dense in VK. Furthermore, r∗p is Zariski dense in
Vk and hence Vk is (geometrically-)irreducible, where r : V(O)→ Vk.
Proof. We may assume that V is affine. Since for every regular function on f on
VK there is some γf ∈ Γ such that
(dpx)(val(f(x)) = γf ),
by quantifier elimination, p is orthogonal to Γ and hence generically stable.
Let f be a regular function on VK and let c |= p|K. If f(c) = 0 then by the mmp,
f(h) = 0 for every h ∈ V(O). Also, V(O) is Zariski dense in VK by Proposition
3.2.3 and thus f ≡ 0 on VK .
As for the furthermore, let f¯ 6= 0 be a regular function on Vk, a ∈ Vk satisfying
f¯(a) 6= 0, and c |= p|K. The regular function f¯ arises from some global section on
V . By Theorem 3.2.4, there exists b ∈ V(O) with r(b) = a and consequently, since
f¯(a) 6= 0, val(f(b)) = 0. By the mmp w.r.t. p, val(f(c)) = 0 and hence
f¯(r(c)) 6= 0,
as needed. 
Lemma 4.3.4. Let F be a valued field and V be a scheme over OF . If V is
irreducible and has an OF -point then VF → V is dominant.
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Proof. Since SpecF → SpecOF is quasi-compact and dominant, and since, by
Proposition 3.1.4, V is flat over OF , we may base-change (see [1, Exercise 14.14]).

Proposition 4.3.5. Let V be a quasi-compact separated irreducible scheme over
OK with an O-point and p a K-definable type concentrated on V(O). Then the
following are equivalent:
(1) V has the mmp w.r.t. p;
(2) for every basic open affine subscheme U ⊆ VO with U(O) non-empty, p is
concentrated on U(O) and U has the mmp w.r.t. p;
(3) for every open subscheme U ⊆ VO with U(O) non-empty, p is concentrated
on U(O) and U has the mmp w.r.t. p.
Remark. As in Remark 4.3.2, if V is of finite type over OK one may only consider
open subschemes of V .
Proof. By Remark 4.3.2(2), we may replace V by VO.
(3) =⇒ (2): This is straightforward and follows for the definition.
(2) =⇒ (1): We may assume that V is affine. Let f be a regular function on VK,
and let a ∈ V(O) and thus there exists a basic open affine subscheme DV(g) ⊆ V
with a ∈ DV(g)(O). In particular val(g(a)) = 0. By Lemma 4.3.4, seeing f as
regular function on DV(g)K,
(dpx)(val(f(a)) ≥ val(f(x)),
and this is also true if we consider f as a regular function on all of VK.
(1) =⇒ (3): By applying direction (2) =⇒ (1) on U , it is enough to show (2).
Thus, we may assume that V is affine. Let DV(f) ⊆ V with DV(f)(O) non-empty.
Note that DV(f)K is a basic open subset of VK, and by Lemma 4.3.4, every
regular function on it has the form h/fk for some h regular on VK. There exists
a ∈ DV(f)(O), in particular val(fk(a)) = 0 for every k ∈ N. Since a ∈ V(O) as
well, by the maximum modulus principle it is also true that (dpx)(val(f(x)) = 0),
hence p is concentrated on DV(f)(O). Similarly if
(dpx)(val(h(x)/f
k(x)) = α)
then
val(h(a)/fk(a)) ≥ α.
Indeed, since the denominators have zero valuations, it follows from the maximum
modulus principle for V . 
Example 4.3.6. Denote by GLn the (group-)scheme of invertible matrices over
OK . Consider it as a definable subset of Kn2+1. Set p := ϕ∗pn2O , where ϕ is the
definable map
x¯ 7→ (x¯, 1
det(x¯)
).
Obviously p is concentrated on GLn(O) and using Example 2.1.4 one easily sees
that GLn has the mmp w.r.t. p.
We conclude with a summary of some properties of Φ.
Lemma 4.3.7. Let (V, p) ∈ (SPVar/K) and q be a generically stable K-definable
type concentrated on V . Then q is concentrated on every U(O), where U ⊆ ΦK(V, p)
is an affine open subscheme with U(O) 6= ∅, if and only if p = q.
Proof. We will first show that p is concentrated on each such U(O). We may assume
that V (and hence V) is affine. Let U ⊆ V be an open subscheme with U(O) 6= ∅,
and thus there exists a basic open subscheme DV(f) ⊆ U , where f ∈ K[V ]p, with
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DV(f)(O) 6= ∅. As a result, there exists a ∈ V(O) with val(f(a)) = 0. On the other
hand, if b |= p|K and c ∈ K is such that val(c−1f(b)) = 0 then, since c−1f ∈ K[V ]p,
val(c−1f(a)) ≥ 0 and so val(f(b)) = 0 which gives that p is concentrated on DV(O).
For the other direction, let f be a non-zero regular function on some affine open
subvariety of V and c ∈ K such that
(dpx)(val(c
−1f(x)) = 0).
By assumption we also have
(dqx)(val(c
−1f(x)) = 0).
The result, now, follows from quantifier elimination in the language Ldiv, since in
this language every formula is equivalent to a boolean combination of formulas of
the sort val((f(x)) ≤ val((g(x)). 
Proposition 4.3.8. Let (V, p) ∈ (SPVar/F ), F a good base for (V, p) and V =
Φ(V, p). Then V and p enjoy the following properties
(1) V is quasi-compact separated, integral and flat over OF .
(2) V ×OF F = V .
(3) VOK has the maximum modulus principle w.r.t. p, for any model K con-
taining F , in particular p is concentrated on V(O).
(4) Let r : V(O) → Vk. Then r∗p is Zariski dense in Vk and hence Vk is
(geometrically-)irreducible.
Proof. (1) This follows from Proposition 4.2.4 and Proposition 4.2.20.
(2) See Proposition 4.2.4.
(3) The proof for this is essentially contained in the proof of Lemma 4.3.7, we
repeat the proof here. After base-changing, we may replace V by VK and
so V by VO. Also, by Proposition 4.3.5, we may assume that V is affine.
By definition for any a |= p|L and f ∈ L[V ]p, where L is small model,
val(f(a)) ≥ 0. Consequently p is concentrated on V(O).
Let f be a regular function on V = VK and L a small model over which
f is defined. Since p is generically stable and L is a model,
(dpx)(val(f(x)) = val(c))
for some c ∈ L.
As a result, c−1f ∈ L[V ]p, and so by definition, for every h ∈ V(O),
val(c−1f(h)) ≥ 0 and thus
val(f(h)) ≥ val(c).
(4) Lemma 4.3.3.

We conclude this section by showing that when K is a model, after restricting
to codomain, ΦK is fully faithful.
Lemma 4.3.9. Let (V1, p1), (V2, p2) ∈ (SPVar/K), f : (V1, p1) → (V2, p2) a mor-
phism, and Vi = ΦK(Vi, pi), for i = 1, 2. Then ΦK(f) is residually dominant, i.e.
ΦK(f)kK : (V1)kK → (V2)kK is dominant.
Proof. By definition the following commutes
V1(O) //
r1

V2(O)
r2

(V1)k
Φ(f)
// (V2)k
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Since, by Proposition 4.2.18(4), (ri)∗pi is Zariski dense in (Vi)k, for i = 1, 2, Φ(f) is
dominant. By faithfully flat descent (see [1, Appendix C]), ΦK(f) is also dominant.

This leads to the following definition.
Definition 4.3.10. Let (Rd-Sch/OK) be the category of schemes over OK with
residually dominant morphisms. I.e. the objects are schemes over OK and mor-
phisms are morphisms f : V → W over OK with fkK : VkK →WkK dominant.
Proposition 4.3.11. After restricting the codomain of ΦK to (Rd-Sch/OK), ΦK
is fully faithful.
Proof. Faithfulness is straight forward, indeed for every (V1, p1), (V2, p2) ∈ (SPVar/K)
and morphism f : (V1, p1) → (V2, p2), if we denote by ΦK(f) the morphism
ΦK(V1, p1)→ ΦK(V2, p2) then by construction (ΦK(f))K = f .
As for fullness, let (V1, p1), (V2, p2) ∈ (SPVar/K) and Θ : V1 → V2 a morphism,
where Vi = Φ(Vi, pi) for i = 1, 2.
Consider the following commutative diagram
V1(O) Θ //
r

V2(O)
r

(V1)k Θk // (V2)k
Claim 1. Θ∗p1 = p2.
Proof. We will use Lemma 4.3.7. Let U ⊆ V2. Since Θk is dominant, (Θ−1k )(Uk)
is non-empty, and since r is surjective (Theorem 3.2.4), r−1((Θ−1k )(Uk)) is also
non-empty. Since r−1((Θ−1k )(Uk)) is the set of O-points of an open subscheme, by
Lemma 4.3.7, p1 is concentrated on r
−1((Θ−1k )(Uk)). Going the other direction in
the diagram, Θ∗p1 is concentrated on U(O). By Lemma 4.3.7, Θ∗p1 = p2.
 (claim)
We may now lift Θ to ΘK : (V1, p1)→ (V2, p2) so Φ is full. 
4.4. Finiteness Conditions. A natural question would be, given (V, p) ∈ (SPVar/K)
when is Φ(V, p) of finite type overOK? We are still not able to answer this question,
but we are able to describe some related notions. We will first need to recall the
notion of a strongly stably dominated type. It was first defined in [6, Section 2.3]
and later shown in [4, Proposition 8.1.2] to be equivalent to the following when the
type is concentrated on a variety.
Let q be a definable type on a variety V over a field. Write dim(q) for the
dimension of the Zariski closure of q.
Definition 4.4.1. Let q be an A-definable type on a variety V over a valued field.
Let F be a valued field with A ≤ dcl(F ). Then q is strongly stably dominated if
dim(q) = dim(g∗q) for some F -definable map g into a variety over the residue field.
For simplicity, assume that V is affine. Consider the following finiteness condi-
tions on Φ(V, p):
(A) Φ(V, p) is of finite type over OK ;
(B) The polynomially convex hull of p
C(p) := {x ∈ V : val(f(x)) ≥ 0 for all f ∈ K[V ]p}
is definable;
(C) p is strongly stably dominated.
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If Φ(V, p) is of finite type over OK , then Φ(V, p)(O) is definable. Since V is
affine, C(p) is definably isomorphic to Φ(V, p)(O). Hence (A) implies (B) and we
will show that (B) implies (C).
Definition 4.4.2. [4, Definition 2.2.2] Let X = lim←−iXi be a pro-definable set, i.e.
an inverse limit of definable sets. We say that X is iso-definable if for some i0 the
maps Xi → Xi′ are bijections for all i ≥ i′ ≥ i0.
Fact 4.4.3. [4, Corollary 2.2.4] Let X be a pro-definable set. Then X is iso-
definable if and only if X is in (pro-definable) bijection with a definable set.
Proposition 4.4.4. Let (V, p) ∈ (SPVar/K). If V(O) is iso-definable then p is
strongly stably dominated and stably dominated via r : V(O)→ Vk.
Proof. Let V = Φ(V, p). Since V is an inverse limit of schemes of finite type over
OK , we may write
V(O) = lim←−
i
Vi(O).
V(O) is iso-definable so we may assume that for every i, the map V(O)→ Vi(O) is
a bijection. Since V is integral and separated, we may assume that so are the Vi.
Furthermore, since each of the Vi(O) are non-empty, the Vi are faithfully flat over
OK by Proposition 3.1.4. Consequently, by Fact 4.1.3,
dim(Vi)K = dim(Vi)k,
for all i. For any i consider the following commutative diagram
V(O) r //
pii

Vk
(pii)k

Vi(O) ri // (Vi)k
Since πi is bijective, and ri is surjective by Theorem 3.2.4, (πi)k is also surjective.
Consequently, since r∗p is Zariski dense in Vk by Proposition 4.3.8, (ri)∗pi is Zariski
dense in (Vi)k, where pi := (πi)∗p, and ((πi)k)∗r∗p = (ri)∗pi. As a result, (πi)k is
a dominant morphism. As a result, since
dimVK = dim(Vi)K = dim(Vi)k ≤ dimVk ≤ dimVK ,
we conclude that dimVK = dimVk. So by Proposition 4.1.4, we conclude that p is
stably dominated by r∗p via r.
Finally, since dim((ri)∗π∗p) = dim(p), p is strongly stably dominated by the
definition of strongly stable domination given above. 
Corollary 4.4.5. Let (V, p) ∈ (SPVar/K) with V affine. If the polynomially convex
hull of p, C(p), is definable then p is strongly stably dominated.
Proof. Let V = Φ(V, p). Denote by φ : V → VK the isomorphism and notice that
φ(C(p)) = V(O). As before, we may write
V(O) = lim←−
i
Vi(O)
and corresponding to it
φ = lim←−
i
φi.
Since φ is injective on V we may assume that all the φi are injective. Thus C(p) =⋂
i φ
−1
i (Vi(O)) but C(p) is definable so φ(C(p)) = Vi(O) for some i, hence V(O)
is iso-definable by Fact 4.4.3 and p is strongly stably dominated by Proposition
4.4.4. 
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We tend to think that (C) is probably equivalent to (B), at least for curves, but
we still do not have a proof.
Example 4.4.6. By Example 2.1.4, pnO induces the Gauss valuation, and thus
Φ(An, pnO) = A
n(O).
Example 4.4.7. [4, Example 3.2.2] Let K = C(t)alg with val(t) = 1 and
Hn = {(x, y) ∈ A2K : val(y −
n∑
i=0
(tx)i)/i!) ≥ n+ 1}.
There is a generically stable type p concentrated on H =
⋂
nHn which is Zariski
dense in A2K which is not strongly stably dominated. As a result Φ(A
2
K , p) is not
of finite type over OK .
Question 4.4.8. Let (V, p) ∈ (SPVar/K) with p strongly stably dominated. Is
Φ(V, p) of finite type over OK? Is Φ(V, p)(O) iso-definable?
5. Generically Stable Groups
We recall the definition of a generically stable group. Although everything may
be defined in a broader context, we restrict ourselves to ACVF, see [6].
Let G be an (∞-)definable group, p an A-definable type on G and g ∈ G. The
left translate of p by g, gp, is the definable type such that for any A ∪ g ⊆ A′,
d |= p|A′ ⇔ gd |= gp|A′.
Similarly the right translate pg.
Definition 5.0.1. Let G be an (∞-)definable group. A definable type p is left
generic if for any A = acl(A) over which it is defined and g ∈ G, pg is definable
over A. Similarly right generic.
Fact 5.0.2. [6, Lemma 3.11] Let G be an ∞-definable group.
(1) Right generics have boundedly many left translates. Similarly left generics.
(2) Any generically stable left generic is also right generic. Any two generically
stable generics differ by a left(\right) translation.
(3) Assume G admits a generically stable generic. Let G0 be the intersection
of all definable subgroups of finite index. It is of bounded index and called
the connected component of G.
Fact 5.0.3. [6, Remark 3.12] Let p be a generically stable generic on G. The
following are equivalent:
(1) p is the unique generic type of G.
(2) For all g ∈ G, gp = p.
(3) G = G0.
Definition 5.0.4. A (∞)-definable group we will be called generically stable if it
has a generically stable generic.
Remark. It is known that in NIP structures, a definable group satisfies Definition
5.0.4 if and only if it is generically stable in the sense of [5, Definition 6.3]. In [6,
Definition 4.1], Hrushovski-Rideau call such ∞-definable groups stably dominated
groups in the general metastable setting.
We wish to understand generically stable (∞)-definable groups. By the following
Fact 5.0.6, at least for a start we may restrict ourselves to generically stable Zariski
dense subgroups of algebraic groups.
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Definition 5.0.5. [6, Corollary 2.37] Let C be a substructure of a model of ACVF.
A C-definable set D will be called boundedly imaginary if there exists β ∈ Γ(C)
and a definable surjective map g : (O/βO)
n → D, for some n ∈ N.
Fact 5.0.6. [6, Corollary 6.4] Let H be a connected, generically stable (∞-)definable
group. Then there exist an algebraic group G and a definable homomorphism f :
H → G, with boundedly imaginary kernel. If H is defined over C = acl(C), then f
can be found over C.
It would be interesting to classify the boundedly imaginary groups, for now we
show an application for local fields.
A non-archimedean local field is a field that is complete with respect to a discrete
valuation and whose residue field is finite. Specifically it must be one the following:
(1) The characteristic zero case: finite extensions of the p-adic numbers (Qp).
(2) The characteristic p case: the field of formal Laurent series Fq((T )), for q
a power of p.
Lemma 5.0.7. Let L be a local field and D an L-definable set. For every β ∈ Γ(L),
(O/βO) (L) is finite. Hence if D if boundedly imaginary, D(L) is finite.
Proof. In the non-archimedean topology on L, O(L) is compact and βO(L) is an
open subgroup of O(L). The quotient (O/βO) (L) is compact and discrete, thus
finite. The result follows. 
Corollary 5.0.8. Let L be a local field and H a connected generically stable group
definable over L. Then there exists a definable homomorphism
f : H(L)→ G(L)
with G an algebraic group over L, with finite kernel.
Proof. Since H is definable over L, the proof of Fact 5.0.6 shows that f and G are
definable over a finite extension of L, thus so is the kernel. A finite extension of a
local field is still a local field so the kernel is finite. 
5.1. Examples.
5.1.1. GLn(O). Recall Example 4.3.6, let p := ϕ∗pn2O ∈ GLn(O), where ϕ is the
definable map
x¯ 7→
(
x¯,
1
det(x¯)
)
,
be the Zariski dense generically stable type that exhibits the mmp for GLn from
that example. It follows from [6, Proposition 6.9] that p is the unique generic of
GLn(O).
By the aid of the following we get automatically a wider class of examples.
Fact 5.1.1. [6, Corollary 4.5] Let G be an algebraic group, N an algebraic subgroup.
Let H be a definable subgroup of G in ACVF, with H generically stable. Then H∩N
is generically stable.
Corollary 5.1.2. Let G ⊆ GLn be an affine subgroup scheme over O then G(O)
is generically stable.
5.1.2. Gm and Ga are not Generically Stable. On the other hand, the following are
examples of definable groups which are not generically stable.
Fact 5.1.3. Gm and Ga are not generically stable.
Proof. One can easily see that any generically stable type concentrated on any of
these groups must have unboundedly many translates. 
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5.1.3. Group Schemes of Finite Type over OK .
Proposition 5.1.4. Let G be an irreducible group scheme of finite type over OK .
Then G(O) is generically stable.
Proof. Let q be a generic type of Gk and let p be the generically stable K-definable
type on G(O) supplied by Proposition 4.1.7. Let g ∈ G(O), consider the definable
type gp. On the face of it it is definable over acl(Kg), for genericity we need to
show that it is K-definable.
Since r : G(O) → Gk is a group homomorphism, r∗(gp) = r(g)r∗(p) = r(g)q.
Since q is a generic type of Gk, r(g)q is also a generic type of Gk. By Lemma 4.1.6,
gp is also K-definable. 
5.2. The Maximum Modulus Principle for Group Schemes over OK . Re-
call the maximum modulus principle (see Definition 4.3.1). Hrushovski-Rideau give
in [6, Proposition 6.9] a characterization of connected generically stable subgroups
of affine algebraic groups in terms of the maximum modulus principle. What follows
is a generalization.
Let p(x), q(y) be types, define (p× q)(x, y) := p(x) ∪ q(y).
Fact 5.2.1. [3, Theorem 14.13] Let P (x, y) be a polynomial over the algebraically
closed valued field K, and p, q be generically stable types in the field sort over K.
Then |P (x, y)| has a maximum γmax ∈ Γ(K) on p× q. Also,
(a, b) |= p⊗ q ⇒ |P (a, b)| = γmax.
Theorem 5.2.2. Let K be a model of ACVF, G an irreducible separated group
scheme of finite type over OK and p a K-definable type concentrated on G(O). The
following are equivalent:
(1) G has the mmp w.r.t. p;
(2) G(O) is generically stable with p as its unique generically stable generic
type.
Proof. (1) =⇒ (2). Assume that G has the mmp w.r.t. p, in particular it is
generically stable by Lemma 4.3.3. We will prove that gp = p for every g ∈ G(O).
Let V ⊆ G be an affine open subscheme. For g ∈ G(O), denote by g · V the
image of V under the left translation map, it is an open affine subscheme over
O. By Proposition 4.3.5, gp is concentrated on V(O) for every g ∈ G(O) (indeed,
p ∈ g−1 · V(O)). Let f be a regular function on VK, and b |= p|L, where L is a
model over which f is defined, if
val(f(b)) = γf
then by the maximum modulus principle
val(f(gb)) ≥ γf .
On the other hand, since p and g−1p are concentrated on g−1 · V(O) and f(gx)
is a regular function on (g−1 · V)K then by the maximum modulus principle with
respect to p for g−1V ,
val(f(b)) = val(f(gg−1b)) ≥ val(f(gb)),
so p = gp.
(2) =⇒ (1). Let G = ⋃ni=1 Vi be an affine open cover by affine open subschemes
over OK .
Claim. The type p is concentrated on every U(O), where U is an open subscheme
of G with U(O) 6= ∅.
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Proof. Let U ⊆ G be an open subscheme of G with U(O) 6= ∅. The proof mimics
the proof of Proposition 5.1.4, we show that the generic type found there can be
found on U(O).
Since p is translation invariant and r : G(O)→ Gk is surjective by Theorem 3.2.4,
r∗p is also translation invariant. Since Gk is an algebraic group, r∗p is its unique
generic type.
By Proposition 4.1.7, there is a generically stable type q concentrated on U(O)
such that r∗q = r∗p (indeed, Gk is irreducible so r∗p is also the generic type of the
open subvariety Uk ⊆ Gk). Continuing as in the proof of Proposition 5.1.4, q is a
generically stable generic type concentrated on G(O). Since p is the unique generic
type, p = q and thus p is concentrated on U(O).  (claim)
We need to show that for each Vi such that Vi(O) 6= ∅, Vi has the mmp w.r.t.
p. Let V := Vi be such an affine open subscheme. By the Claim above, p is
concentrated on V(O).
Consider the multiplication mapm : G×G → G, let h ∈ V(O) and c |= p|K. Since
h = hc−1 · c and m−1(V) is covered by finitely many basic open affine subschemes,
there exist k, j (with out loss of generality k = 1, j = 2) and a basic open affine
subscheme DV1×V2(α) ⊆ V1 × V2 such that m restricts to DV1×V2(α) → V and
(hc−1, c) ∈ DV1×V2(α)(O), where
DV1×V2(α)(O) = {(x, y) ∈ (V1 × V2)(O) : val(α(x, y)) = 0}.
Claim. p⊗ p is concentrated on DV1×V2(α)(O).
Proof. By the previous claim, p is concentrated on each Vj(O) with Vj(O) 6= ∅,
and thus p ⊗ p is concentrated on V1(O) × V2(O). Since (hc−1, c) |= p × p is
concentrated on DV1×V2(α)(O), and so val(α(hc−1, c)) = 0, the result follows by
Fact 5.2.1.  (claim)
Let f be a regular function on VK. Hence
f(h) = f(hc−1 · c) =
∑
fi(hc
−1)gi(c)
αk(hc−1, c)
,
where
∑
fi(x)gi(y) is a regular function on (V1)K × (V2)K. Using Fact 5.2.1 and
the fact that p⊗ p is concentrated on DV1×V2(α)(O),
val(f(h)) = val(f(hc−1 · c)) = val
(∑
fi(hc
−1)gi(c)
αk(hc−1, c)
)
= val
(∑
fi(hc
−1)gi(c)
)
≥ val
(∑
fi(a)gi(b)
)
= val
(∑
fi(a)gi(b)
αk(a, b)
)
= val(f(a · b)),
for (a, b) |= p⊗ p|K. Since p is generic, a · b |= p|K and thus
(dpx)(val(f(h)) ≥ val(f(x))) .

In the above proof we used the fact that G is of finite type over OK in order to
get that dimGK = dimGk. The first direction, though, follows through exactly to
prove the following:
Proposition 5.2.3. Let G be a quasi-compact separated irreducible group scheme
over OK and p a K-definable type concentrated on G(O). If G has the mmp w.r.t. p
then G(O) is generically stable with p as its unique generically stable generic type.
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5.3. Algebraic Groups and Φ. Hrushovski-Rideau prove the following Theorem
for Affine Algebraic Groups [6, Theorem 6.11]. We will prove it in the general case
of Algebraic Groups. Our method of proof is in essence the one in [6, Theorem
6.11] but we derive it using the functor Φ. By an algebraic group, we mean a
geometrically integral group scheme of finite type.
We will use the following at times:
Lemma 5.3.1. Let G be an algebraic group over F and H an ∞-definable subgroup
of G with a unique generically stable generic p. The following are equivalent:
(1) H is Zariski dense in G;
(2) p is Zariski dense in G.
Proof. Only (1) ⇒ (2) requires a proof. Let Y ⊆ V be a closed subvariety of G.
Since p is H-translation invariant, p is concentrated on X =
⋂
h∈H h · Y . Note
that X is a closed subvariety of G and {g ∈ G : gX ⊆ X} is a closed subset of G
containing H . Since H is Zariski dense in G, X is G-invariant. Thus X = G and
consequently Y = G as well. 
Theorem 5.3.2. Let K be an algebraically closed valued field, G an algebraic group
over K and H be a Zariski dense ∞-definable over K subgroup of G with a unique
generically stable K-definable generic type p.
Then Φ(G, p) = H is an integral separated group scheme over OK and φ(H) =
H(O), where φ is the isomorphism
φ : G→ HK .
Furthermore, p is strongly stably dominated and stably dominated by r : H(O)→
Hk.
Proof. Let G =
⋃n
i=1 Vi be an affine open cover. By Lemma 5.3.1 p is Zariski dense
in G.
As (G,m, ι, ǫ) is an algebraic group overK, and since Φ commutes with products
over models (Proposition 4.2.19), (H,m) is a semigroup object in the category of
schemes over OK . To show that it is a group scheme over OK , we will need the
following:
Assume that e ∈ V1 (the identity element of G), it corresponds to the K-algebra
homomorphism
ǫ∗ : K[V1]→ K, f 7→ f(e)
Claim 1. (ǫ∗(K[V1]
p) ⊆ OK .
Proof. Consider the morphism V1 → V1 given by h 7→ h · h−1 = e. By functoriality
of Φ it induces a map
(SpecK[V1]
p)(OK)→ (SpecK[V1]p)(OK).
(SpecK[V1]
p)(OK) is non empty since p is concentrated on it (see Proposition
4.3.8), and so (ǫ∗)(K[V1]
p) ⊆ OK .  (claim)
Consequently, (H,m, ι, ǫ) is a group scheme over OK . Furthermore, by Proposi-
tion 4.3.8 H has the mmp w.r.t. p so by Proposition 5.2.3 p is the unique generic
type of H(O).
Thus if φ : G → HK is the pro-definable isomorphism then p is the unique
generic of both φ(H) and H(O), so φ(H) = H(O).
As for the furthermore, since, by [6, Corollary 4.16], H is definable, H(O) is
iso-definable and the result follows by Proposition 4.4.4. 
Question 5.3.3. When G is affine one can show that H may be chosen to be a
projective limit of group schemes of finite type over OK (see [6, Theorem 6.11]). Is
this the case in the non-affine case as well?
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5.4. Abelian Varieties. What happens if an algebraic group itself is generically
stable?
Proposition 5.4.1. Let G be an algebraic group over K, a model of ACVF, with
a generically stable generic type. Then G is an Abelian Variety.
Proof. By Chevalley’s Theorem there exists a unique normal closed affine algebraic
subgroup of G such that the quotient is an Abelian variety. Thus it is sufficient to
show that this affine subgroup is trivial.
Let H be this subgroup. Since G has a generically stable generic, it can not
contain copies of Ga or Gm, for otherwise by Fact 5.1.1 they would be generically
stable. Thus the same holds for H . The radical of H is the maximal closed con-
nected normal solvable subgroup of H , but every connected solvable affine group
has an isomorphic copy of Ga or Gm [14, Lemma 6.3.4], so H is semisimple. But
every semisimple group is generated by closed isomorphic copies of Ga [14, Theorem
8.1.5]. So H is trivial. 
Corollary 5.4.2. Let G be an algebraic group over K, model of ACVF, with a
generically stable generic type. Then G is a connected generically stable group, i.e.
it has a unique generically stable generic.
Proof. Since G is an Abelian variety, it is a divisible group. Since G0 = Stab(p) is
an intersection of finite-index subgroups and every finite divisible group is trivial,
G0 = G and G has a unique generically stable generic. 
We recall the following formulation for the valuation criterion for universally
closed morphisms and deduce consequences.
Fact 5.4.3. [15, Tag 0894] Let f : X → S and h : U → X be morphisms of
schemes. Assume that f and h are quasi-compact and that h(U) is dense in X. If
given any commutative diagram
SpecL //

U // X

SpecR //
66
♠
♠
♠
♠
♠
♠
♠
S
where R is a valuation ring with field of fractions L, there exists a unique dotted
arrow making the diagram commute, then f is universally closed.
Corollary 5.4.4. Let F be a valued field and V a quasi-compact separated irre-
ducible scheme over OF with an OF -point. Then V is universally closed over OF
if and only if VR(R) = VL(L) for every field extension F ⊆ L and OF ⊆ R a
valuation ring on L.
Proof. Assume that V is universally closed over OF . Since universally closed is
stable under base change [1, Remark 14.50], VR is universally closed over R. By the
valuative criterion for universally closed morphisms, for every L-point, SpecL →
VR, there exists a unique dotted arrow making the following commute
SpecL //

VR

SpecR //
99
t
t
t
t
t
SpecR
and thus VR(R) = VL(L).
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For the other direction, since V is irreducible, by Fact 5.4.3 it is enough to
consider commutative diagrams of the sort
SpecL //

V

SpecR // SpecOF
where SpecL gets sent to the generic point of V and L is the fraction field of R.
The diagram commutes so there is a point in SpecR which gets sent to the generic
point of SpecOF , but this implies that the generic point of SpecR also gets sent
to the generic point of SpecOF . As SpecOF is reduced, OF ⊆ R. So the result
follows from Fact 5.4.3 and the assumption. 
Lemma 5.4.5. Let F be a valued field and V = lim←−i Vi be a quasi-compact separated
irreducible scheme over OF with an OF -point, and assume that the Vi are separated
over OF . If VF is of finite type over F then V is universally closed over OF if and
only if there exists i0 such that for all i ≥ i0 Vi is universally closed over OF .
Proof. Since VF is of finite type over F we may assume that all the transition maps
in VF = lim←−i(Vi)F are isomorphisms. We use Corollary 5.4.4. Let F ⊆ L be an
extension of fields and OF ⊆ R a valuation ring on L, and consider the following
commutative diagram
VR(R)
pii

ι // VL(L)
(pii)L

(VR)i(R) ιi // (Vi)L(L)
Since (πi)L is a bijection, if ι is a bijection so is ιi. If ιi is a bijection for all i then
Vi(OL) → Vj(OL) is a bijection for all i ≥ j so πi is also a bijection. Hence ι is a
bijection. 
Proposition 5.4.6. Let F be a non-trivially valued field and V a quasi-compact
separated irreducible scheme over OF with an OF -point such that VF is geomet-
rically irreducible. If VF is proper over F and V(O) = VF then V is universally
closed over OF .
Proof. By Lemma 5.4.5 we may assume that V is of finite type over OF . Since the
assumptions are stable under base-change (see [1, Appendix C]), by faithfully flat
descent (see [1, Remark 14.50]), we may assume that F is algebraically closed (i.e.
since F non-trivially valued, a model of ACVF). Consequently, by the assumptions
V(OF ) = VF (F ).
Let F ⊆ L be a field extension and R a valuation ring of L containing OF ,
as in Corollary 5.4.4. Note that we may assume that L is algebraically closed,
and hence, since F is not trivially valued, a model of ACVF. Indeed, let Lalg be
the algebraic closure of L and R′ an extension of R to Lalg. Since the sentence
VR′(R′) = VLalg(Lalg) is a universal sentence, it holds in L as well so so V(R) =
VL(L).
If R ∩ F = OF then (F,OF ) is a substructure of (L,R) and hence by model
completeness VR(R) = VL(L).
If OF ( R∩F ( F then since V(OF )→ VF (F ) factors through VR∩F (R∩F )→
VF (F ), the latter must be surjective as well (note that R ∩ F is valuation ring of
F ). As before we are now in the situation that (F,R∩F ) is a substructure of (L,R)
hence by model completeness VR(R) = VL(L).
If R ∩ F = F (i.e. F ⊆ R) then consider the following commutative diagram:
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SpecL
++

SpecVF //

SpecV

SpecR // SpecF // SpecOF
By the universal property of fiber-product the above completes to
SpecL //

SpecVF //

SpecV

SpecR //
99
s
s
s
s
s
44✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
SpecF // SpecOF
In the above, the less horizontal dotted arrow exists since VF is proper, and
hence universally closed over SpecF . The more horizontal arrow now exists easily.
Hence VR(R) = VL(L).
Finally, V is universally closed over OF by Corollary 5.4.4. 
Proposition 5.4.7. Let K be an algebraically closed valued field and G an algebraic
group over K with a generically stable K-definable generic type p.
Then G := Φ(G, p) is an integral universally closed and separated group scheme
over OK with G isomorphic to GK . Furthermore, p is strongly stably dominated
and stably dominated via r : G(O)→ Gk.
Proof. By Corollary 5.4.2, p is the unique generically stable generic of G and by
Lemma 5.3.1 it is Zariksi dense in G.
Apply the functor, G := Φ(G, p). By Theorem 5.3.2, G is an integral separated
group scheme over OK and G(O) = GK . Thus, since GK = G is proper over K
(indeed, it is projective by Proposition 5.4.1), by Proposition 5.4.6 G is universally
closed over OK .
Either by Theorem 5.3.2 or since G(O) = GK is iso-definable, by Proposition
4.4.4, p is strongly stably dominated and stably dominated via r : G(O)→ Gk.

Remark. Since p is strongly stably dominated, if there is a positive answer to
Question 4.4.8, G is proper over OK .
Question 5.4.8. Is G = Φ(G, p) an Abelian scheme over OK?
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